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Abstract

I show that the equivalence in finite social-choice environments of Bayesian
incentive compatibility and dominant-strategy incentive compatibility holds
universally if and only if every type-dependent difference in the valuation of
prizes operates through a single scalar type index. Beyond binary domains this

universal robustifiability is nongeneric.

1 Introduction

Bayesian incentive compatibility (BIC) requires truthful reporting to be optimal after
averaging over the other agents’ types. Dominant-strategy incentive compatibility
(DIC) requires truthful reporting to be optimal for every realization of the other
agents’ reports. I ask when this distinction can always be eliminated without changing
the outcomes that matter for welfare and incentives. More precisely, when does
every Bayesian incentive-compatible mechanism have a dominant-strategy incentive-
compatible counterpart that delivers every type the same interim expected utility and

generates the same ex ante expected gross social surplus?
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I hold fixed a wutility domain: a finite set of types T, a finite set of prizes X, and a
utility function u: T'x X — R, but otherwise allow the social-choice environment to
vary freely. Namely, the number of agents, the alternatives, the lotteries assigned by
each alternative, and the independent full-support prior may all vary. I call the utility
domain universally robustifiable when the desired BIC-to-DIC replacement exists in
every such environment.

I find that the central feature is the “dimension of the interaction” between types
and prizes. To isolate this interplay, I compare how different types value the same
changes in prizes. After subtracting utility terms that depend only on the type or
only on the prize, these comparisons form a matrix. I call its rank the incentive rank
of u. My main result reveals that the domain is universally robustifiable if and only if
its incentive rank is at most one. Equivalently, universal robustifiability holds exactly
when

u(t, z) = M()f(x) +m(t) + g(x)

for some functions M,m: T — R and f,g: X — R. That is, every type-dependent
difference in the valuation of prizes must operate through a single scalar type index.

When the incentive rank is at most one, I reduce any BIC mechanism to a mecha-
nism with scalar types and gross utilities affine in type, apply the BIC-to-DIC equiv-
alence for that environment ( , , Theorem 2), and lift the resulting
mechanism back to the original type space. In the other direction, when the incentive
rank is at least two, I use three types and three prizes to construct a BIC mechanism
that no payoff-equivalent DIC mechanism can match. I then reproduce this coun-
terexample in the original utility domain using small (and balanced) perturbations
of a common lottery and finally extend it to the full type space under a full-support

prior.



2 Environment and universal robustifiability

I begin by separating the utility domain, which remains fixed throughout the paper,
from the social-choice environments built upon that domain. The utility domain
specifies how each possible type evaluates lotteries over prizes. A social-choice en-
vironment then specifies the agents, the available alternatives, and the lottery over
prizes that each alternative gives to each agent. My universal robustifiability concept
(infra) requires the BIC-to-DIC replacement to work in every such environment.

Let T be a finite set of types, let X be a finite set of prizes, and let u: T'x X — R.
For every finite set S, write A(S) for the probability distributions on S. Extend u(t, -)
linearly to lotteries and finite signed measures on X.

A finite social-choice environment consists of a finite set of agents I, a finite set of
alternatives A, and, for every i € I and a € A, a lottery \;(a) € A(X)." Agent i’s
type t; € T is independently distributed according to a full-support prior m;. Write
7 = [Lies m and 7_; := [];4; 7;.

A direct mechanism asks each agent to announce an element of 7. Write ¢; for
agent 4’s report and t = (#;),¢; for the report profile. The (direct) mechanism (g, p)
consists of an allocation rule ¢: 77 — A(A) and payments p;: T? — R made by the
agents. Write ¢° (f) for the probability of alternative a after the report profile .

The interim expected utility of type t; from reporting f;, when the other agents

report truthfully, is

Uit tisq,p) = Y moilt—s) (Z q" (Ei, t—i)u(ti, Mi(a)) —Pi(fi,ti)) :

t_; €T\ aeA

Write UP(t;) == U;(t;, ts; q, p) for interim utility when the truth is told.

The mechanism is Bayesian incentive compatible (BIC) if U (t;) > Ui(ts, 5 q, p)

!To wit, alternative a provides agent i with the lottery \;(a) over prizes, and the same social
alternative may give different lotteries to different agents.



for every i € I and t;,%; € T. It is dominant-strategy incentive compatible (DIC) if

g (i to)ults, Ai(a)) — pilte t) = q* (i toi)ults, Mia)) — piti, ts),
a€A acA
for every i € I, t;, ¢, € T, and t_; € T'\M#,

The mechanism’s ex ante expected gross social surplus is

W(g) = > 7(t) 3. q"(t) D_ulti, i(a)).

teT! a€A iel

Two mechanisms are payoff-equivalent if they give every type of every agent the same

interim expected utility and generate the same ex ante expected gross social surplus.

Definition 2.1. The domain (T, X, u) is universally robustifiable if, in every finite
social-choice environment and under every independent full-support prior, every BIC

mechanism has a payoff-equivalent DIC mechanism.

3 Incentive rank

The agents’ incentives depend on how the attractiveness of different prizes changes
with their types. Naturally, a utility term that depends only on the type is the same
under every report and is, thus, irrelevant for incentives. In contrast, a utility term
that depends only on the prize may affect which alternatives are attractive, but it
affects every type in the same way and does not contribute to variation in preferences
across types.

To compare how different types value prizes, I consider their utility gains from
the same change in prize. To ease this comparison, I choose one type ty € T" and one
prize o € X as baselines for comparison; I call them the baseline type and baseline

prize. For t € T'and x € X, define

AW (¢ ) = u(t,x) — u(t, xo) — u(to, x) + u(to, o).
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Accordingly, Al (¢ x) is type t’s gain in utility from replacing zo by z, minus the
baseline type’s utility gain from the same replacement.

For fixed baselines ¢, € T and z, € X, I call D% = (Al (¢, x))ierrex the
utility matriz associated with (t.,x,) (or just the wutility matriz when unambiguous)
and define the incentive rank of u by r(u) = rank D'*°.? Economically, the incentive
rank is the smallest number of type-specific indices needed to describe how utility
differences across prizes vary with type. Rank zero means that type affects utility
levels but not utility differences across prizes. Rank one means that every prize has
a common index f(z), and types differ in their tradeoffs among prizes only through
the coefficient M (t) attached to that index. Namely, once M(t) is known, the type
label contains no further information relevant for reporting incentives. Rank at least
two means that no single prize index and type-specific coefficient can capture all
type-dependent tradeoffs among prizes.

For tg,t1,to € T and xg, x1, x5 € X, define

ATty 1) ARt 22)

QU(t(h 1,195 g, X1, ZL’Q) = det,
AE),CCO (t27 xl) AZO7$O (tQ, 5(32)

I call (tg,t1,te; xo, 1, T2) a utility triangle and Q, (g, t1, to; To, 1, T2) its determinant.

Lemma 3.1. The incentive rank does not depend on the baselines t, and x,. More-
over, the following are equivalent:

1. r(u) < 1.

2. There are functions M,m: T — R and f,g: X — R such that

u(t,x) =M{t)f(z)+m(t) +g(z), VteTl, VrelX. (1)

3. Qu(to, t1,te; xo, 21, x2) = 0 for every to,t1,te € T and xg,x1, 29 € X.

2Here, rank denotes the usual matrix rank; wviz., the number of linearly independent rows or
columns of the utility matrix.



Lemma 3.1 reveals that one scalar M (t) suffices exactly when every utility triangle
has zero determinant. In that case, after removing a type-only term and a type-
independent prize term, every type-dependent difference in the valuation of prizes

can be written as M (t) f(x).

Proof of Lemma 5.1. Fix two pairs of baselines (o, o) and (o, &). Directly,
Abdo(p ) = Alomo(¢ 2) — A0 ({y x) — AL (1 3) + AP ({y, ).

i.e., I obtain Diodo from Dioswo by subtracting the row indexed by #, from every row
and then subtracting the resulting column indexed by Zy from every column. These
operations cannot increase rank. Interchanging the two pairs of baselines produces
the reverse rank inequality. Hence, the two utility matrices have the same rank.
Suppose that r(u) < 1, and fix baselines ¢ty € T and zy € X. Write D(t,x) =
Aloro(t x). If D is identically zero, let M and f be the zero functions. Otherwise,
choose £ € T and # € X such that D(f,2) # 0. Because D has rank one, every 2 x 2
minor vanishes, and so D(t,2)D(t, %) = D(t,#)D(,z) for every t € T and z € X.

Define M(t) := D(t,#) and f(z) := 5&2 so that D(t,z) = M(t)f(x). Setting

m(t) == u(t, z¢) and g(z) = u(ty, z) — u(ty, o) produces

M) f(z) +m(t) + g(z) = D(t,z) + u(t,xo) + ulto, x) — u(to, xo) = u(t, x),

and so r(u) < 1 implies (1).

Conversely, suppose that (1) holds. For arbitrary baselines ¢ty € 7" and 2y € X,

APt ) = (M(t) = M(to))(f(x) = f(x0))-

The utility matrix is an outer product and has rank at most one.” Hence, (1) implies

3To elaborate, it is the outer product of the column vector (M (t) — M (tg))¢er and the row vector
(f(x) — f(x0))zex; and so every row is a scalar multiple of (f(z) — f(20))zex-



r(u) < 1.

If r(u) < 1, every 2 x 2 minor of every utility matrix vanishes, so every utility
triangle has zero determinant.

Finally, suppose that every utility triangle has zero determinant. Fix the base-
lines ¢, and z, used to define r(u). Every 2 x 2 minor of D% is obtained by
choosing two rows ty,t, € T" and two columns z1, x5 € X. Its determinant is exactly
Qy(to, t1,t2; To, 1, x2), which is zero by hypothesis. Hence, every 2 x 2 minor vanishes,

sor(u) < 1.1 [

Theorem 3.2. The following are equivalent:

1. The domain (T, X,u) is universally robustifiable.

2. r(u) <1

3. The factorization in (1) holds.

4. Fvery utility triangle has zero determinant.
If r(u) > 2, there is a two-agent environment with three lottery-valued alternatives
and an independent full-support prior on T? in which a BIC mechanism with a de-
terministic allocation rule has no payoff-equivalent DIC mechanism, even when DIC
allocation rules are allowed to randomize. Moreover, there is a lottery \° € A(X)
such that, for each alternative k, the lotteries N, \;, € A(X) assigned to the two

agents satisfy A + A\, = 2)\° as finite measures on X.

When r(u) < 1, the factorization in (1) reduces every social-choice environment to
one with scalar types and gross utilities affine in type. I average over any original type
labels that share the same scalar value, apply ( )’s BIC-to-DIC
equivalence in the scalar environment, then lift the resulting DIC mechanism back to
the original types.

When r(u) > 2, some three types and three prizes form a utility triangle with

nonzero determinant. This allows me to carefully calibrate the probabilities of those

4A matrix has rank at most one exactly when all its 2 x 2 minors vanish.



three prizes to reproduce the two patterns of type-dependent utility differences I
use in the counterexample below. First, in Lemma 5.1, I construct that three-type
counterexample. Next, [ reproduce it in Lemma 5.2 by using lotteries over the original
prizes. Finally, in Lemma 5.4, T assign positive probability to all remaining types while

preserving the fact that no payoff-equivalent DIC mechanism exists.

Corollary 3.3. If |T| < 2 or | X| < 2, then (T, X, u) is universally robustifiable for
every utility function w: T x X — R. Conversely, if |T| > 3 and | X| > 3, there is a

utility function on T x X that is not universally robustifiable.
And so, failure first becomes possible with three types and three prizes.

Proof. Fix a baseline type and prize. The associated utility matrix has a zero row
and a zero column, so r(u) < min{|T| — 1,|X| — 1}. Hence, if |T'| < 2 or |X| < 2,
then r(u) < 1, and Theorem 3.2 implies universal robustifiability.

Now suppose that |T'| > 3 and |X| > 3. Choose distinct to,t;,t2 € T and

Xo, T1, Ty € X, define
0 00

(u(th%‘))ij:o =10 1 01,
0 01
and set u(t,z) = 0 for all remaining pairs. The utility triangle (¢q,t1, t2; xo, 1, 22)

has determinant one. By Theorem 3.2, the resulting domain is not universally robus-

tifiable. ]

Corollary 3.4. Suppose that |T| > 3 and | X| > 3. Viewed as a subset of RT*X | the
universally robustifiable utility functions form a closed algebraic set of codimension
(IT| —2)(|X| —2). In particular, this set has empty interior and Lebesgue measure

ZET0.

And so, beyond binary domains, universal robustifiability is nongeneric.



Proof. Fix baselines t, € T and xy € X, and let ®(u) be the matrix obtained by
deleting the zero baseline row and zero baseline column from D%  The linear map
d: RTX — RUTI=DxUXI=D) §5 onto: any matrix in the codomain arises by setting
the baseline row and column of u equal to zero and using the prescribed matrix for
the remaining entries.

By Theorem 3.2, u is universally robustifiable exactly when ®(u) has rank at most
one, or equivalently, when every 2 x 2 minor of ®(u) vanishes. Hence, the universally
robustifiable utility functions form the inverse image under ® of the rank-at-most-one
determinantal variety.

Set m = |T| — 1 and n = |X| — 1. The rank-at-most-one matrices in R"™*"
have dimension m + n — 1, thus, codimension mn — (m +n —1) = (m — 1)(n — 1).
Because ® is onto, taking its inverse image preserves codimension. This codimension
is positive, so the universally robustifiable utility functions have empty interior and

Lebesgue measure zero. [ |

4 Sufficiency

Suppose that r(u) < 1. The factorization in (1) says that all type-dependent reporting
tradeoffs operate through the scalar M(t). Of course, types with the same value of
M (t) may still have different labels and different type-only utility terms, but those
differences do not affect their preferences among reports.

There are four steps in the proof of sufficiency. First, I rewrite utility so that the
coefficient multiplying M (t) is nonnegative for every alternative. Second, I collapse
the original type space to the scalar space M(T). Third, because several original
types may have the same scalar value, I average the original mechanism over their
labels to obtain a well-defined BIC mechanism for the scalar type space. Fourth, I
apply the scalar-type BIC-to-DIC result ( , ) and lift its conclusion
back to the original type space.



Proposition 4.1. Suppose that r(u) < 1. Then (T, X, u) is universally robustifiable.

Proof of Proposition 4.1. Fix a finite social-choice environment, an independent full-
support prior, and a BIC mechanism (g,p). By Lemma 3.1, choose M, m, f, g satis-
fying (1). For A € A(X), define f(A) == ¥,ex Mz)f(2) and g(A) = Spex A)g(a).
Then u(t,\) = Y,ex AM@)u(t,z) = M(t)f(A) + m(t) + g(A) for every t € T and
A e A(X).

For every agent i € I, define f = min.ez f(Ai(a)), af = f(Ni(a)) — [, ¢f =

g(Ai(a)), and p;(t) == m(t) + f,M(t). Accordingly, af > 0, and
u(t, Ni(a)) = af M (t) + pi(t) + . (2)

Let © := M(T), let 7; be the distribution of 6; = M(t;) induced by m;, and write
T = [lije; 7. For each 6 € O, let m;(- | ) denote the conditional distribution of ¢;
given M(t;) = 0.

For type # € © and a report t; € T, define the part of interim utility that omits
the report-independent term p; by

Vi, t:) = Y. mlte) (Z q"(ts, 1) (aid + cf) —pi(tuti)) :

t_;eTI\i} a€A

If t; and t; satisfy M(t;) = M(t;) = 6, BIC applied in both directions produces
Vi(0,t;) = V;(0,t;). Denote this common value by V;(6). More generally, BIC implies
Vi(0) > Vi(0,1;) for every £; € T. (2) also yields

UPP(t:) = pi(ts) + Vi(M(t:)). (3)

Construct a direct mechanism (g, p) on © by independently drawing, conditional

on every reported scalar type éi, a label #; according to m;(- | él), and then applying
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(q,p). Equivalently,

0= > JIm]6)e" (f) and p;(0):= > [[m|6,)pi ( ) .
fer? i€l teT!  gel
M (t;)=0; Vi M (t;)=0; Vj
Truthfully reporting 6 yields the reduced interim utility V;(6), while reporting  yields
an average of V;(0,1;) over (original-type) labels satisfying M (f;) = 6. Hence, (g, p)
is BIC in the scalar-type environment with gross utilities af6; + c{.

Because the original types are independent, drawing each label conditional on its

scalar type reproduces the original joint distribution of labels. Consequently,

Z (0) Z q"(0) Z (a?0; + ¢}) Z Z q“( Z aiM(t;) + c}). (4)

pecoel a€EA i€l teT! a€EA i€l

The reduced environment has independent one-dimensional types with finite sup-
ports and coefficients a > 0. Apply ( , Theorem 2) to the
mechanism (g, —p), where the second component is the vector of transfers received
by the agents. The theorem provides a DIC mechanism (¢*, 7*) that preserves every

scalar type’s interim expected utility and ez ante expected gross social surplus. Set

*

p; = —71; for every agent i.

Lift this mechanism to the original type space by setting ¢*(t) = ¢**((M(¢;)),er)

and p;(t) == p;((M(t;)),er). For a true type t;, the term ;(¢;) in (2) does not depend

on the report or alternative. Consequently, DIC of (¢*, p*) implies DIC of (g, p).
The lifted mechanism gives type t; interim utility p;(¢;) + V;(M(¢;)), which equals

the interim utility of ¢; under (g, p) by (3). Expected gross social surplus under (g, p)

equals

DOEn ()] + Yo w(t) Yo () D (af M(t:) +cf),

el teT! a€eA el
while expected gross social surplus under (g, p) equals > ,c; Er [1:(¢;)] plus the ex-

pected gross social surplus generated by ¢* in the reduced environment. The DIC

11



mechanism supplied by ( , Theorem 2) has an allocation rule ¢*
that generates the same expected gross social surplus as g in that environment. Hence,
(4) implies that (¢,p) and (g, p) generate the same expected gross social surplus, so

they are payoff-equivalent. [

5 Necessity

5.1 A three-type obstruction

I now turn to necessity. I first construct a three-type example in which a BIC mecha-
nism has no payoff-equivalent DIC mechanism. Consider two agents with common set
of types T = {0, 1,2} and set of alternatives K = {0, 1,2}. Types are independently
and uniformly distributed. Let

Ay
I
() =) )
— o
= N O

If agent 1 has type r € 7 and alternative k € K is selected, her gross utility is H,.
If agent 2 has type s € I, his gross utility is —H,,. Let &g denote the two-agent
environment with common type set 7, alternative set K, independent uniform priors,
and gross utilities H,, and —H,; for agents 1 and 2, respectively.

A direct mechanism consists of an allocation rule ¢ and payments p;(r, s) made
by the agents. For (r,s) € T2, write ¢, € A(K) for the lottery over alternatives and
¢~ for the probability of alternative k. Write

v}, = > ¢ Hop — pi(r, s) and V2 = — > ¢ Hg — po(r, s)
kER keX
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for the truthful ez post utilities. The truthful interim utilities are

1 1
Ui(r) = 3 > v and Us(s) == 3 > v,

seT reJ

and expected gross social surplus is W(q) = § 3, se7 Srex @hs(Hr — Hap).

Lemma 5.1. There is a deterministic BIC' mechanism with interim utility vectors

1
Uf:(0,3,0> and  US = (0,0,0),

and expected gross social surplus W (q*) = % FEvery DIC mechanism with the same

interim utility vectors satisfies W(q) < 2.

That is, the BIC mechanism has no payoff-equivalent DIC mechanism. In the
proof, I first display a deterministic BIC mechanism and compute its interim utilities
and surplus. I then derive two inequalities that every DIC mechanism with the same

interim utilities must satisfy and use them to show that its surplus is at most 5/9.

Proof of Lemma 5.1. Let ¢* choose k*(r, s) with probability one, where

k*(r,s) |s=0 s=1 s=2

r=20 0 0
r=1 2 0 1
r=2 2 0 0

Charge agent 1 the payments pj(1,2) = 2 and pj(2,2) = 1, and charge agent 2 the
payment p5(2,2) = 2. All other payments are zero.
Let Uq(r,7) denote the interim utility of agent 1 with true type r from reporting

13



7, and define Uy (s, §) analogously. Directly,

0 -2 -1 0 0 =2

1 . 1
(Ui (7, 7))rjeg = 3 11 1 and  (Us(s, §))sseq = 3 4 0 —4
-1 =20 -2 0 0

Each diagonal entry is (weakly) maximal in its row. The mechanism is, therefore,
BIC, with Uy = (0, %, 0) and Uy = (0,0,0).
The gross social surplus generated by ¢* at each type profile is

0 01
(Hr,k*(r,s) - Hs,k*(r,s))r,seff =12 0 2
1 00

Consequently, W (g*) = = 2.

Now consider any DIC mechanism (g, p) with the same interim utility vectors. Its

truthful ex post utilities satisfy

Zvés:()? ZU%SZL ZU%S:07

sET SET sET (5)
vaozo, valzo, Zv32:().
redg reJ red

For agent 1, DIC is equivalent to

U;s o U%s = Z qgs(Hrk — H; ) for every T, ﬁ sed (6)
keX

Applyﬂlg (6) at (Tv fa S) S {(17 07 ]-)a (]-7 07 2)7 (17 2a 0)) (27 07 O)} produces

1 1 1 2 1 1 1 2
V11 — Vo1 2= Qo1 Tt 24015 Via — Uga 2 Qoo + 2452,

1 1 1 2 1 1 1 2
V1p — Vgo = 2G50 + G50, Uap — Voo = —Yqoo T 900

14



Adding the four inequalities obtained from (6) at (1,0,1), (1,0,2), (1,2,0), and
(2,0,0) and then applying (5) to the resulting left-hand side yields

A(q) = qoy + 245, + @ + 200 + 2030 + a3 — do0 + G0 < 1- (7)
For agent 2, DIC is equivalent to

vl — v > > qh(Hy, — Hy,) for every r,s,5 € 7. (8)
keX

Applying () at (r,s,8) € {(0,0,1),(0,2,0), (1,2,1),(2,2,1)} produces

2 2 1 2 2 2 1 2
Voo — Vo1 = qo1 T 24015 Vg2 — Yoo = 900 — 900+

2 2 1 2 2 2 1 2
Vlg — V11 2= 2q37 + 4155 V39 — V31 2 2G5 + a1

Adding the four inequalities obtained from (8) at (0,0,1), (0,2,0), (1,2,1), and
(2,2,1) and then applying (5) to the resulting left-hand side yields

B(q) = qo1 + 2431 + Qo0 — Do + 211 + ¢51 + 2431 + 45, < 0. (9)

Set

. 1 2 1 2 1 2 1 2
F(Q) = —qo1 — 2901 + Qo2 — Q02 — G20 + G20 — 2421 — G-

Substituting the entries of H into the definition of W (q) and collecting terms yields
W (q) = 10 + 2410 + 215 + aiy + T(q). (10)
Because ¢, € A(K), qig + 2¢3, < 2 and 2¢{, + ¢}, < 2. Moreover,
A(q) + B(q) — T(q) = 3qp; + 6qiy + 3dpy + 2q11 + a7y + 3dzg + 4dz; + 243, > 0.
The expansion of A(q) + B(q) — I'(¢) has only nonnegative terms, so I'(¢) < A(q) +

15



B(q). Substituting ¢io+2¢%, < 2, 2q15+¢%, < 2, and T'(q) < A(q)+ B(q) into (10) and
then applying (7) and (9) produces 9W (q) < 2+ 2+ A(q) + B(q) < 5. Consequently,
W(g) <2 < 2 =W(q*), so no DIC mechanism with the same interim utility vectors

is payoff-equivalent to (¢*, p*). [ |

5.2 Embedding the obstruction

Retain the matrix H, the type set 7, and the alternative set K used in §5.1 to define

Ex. Fix types tg,t1,to € T and prizes xg, x1, 9 € X. Define

AT (L, 21)  AWTO(t, 29)
AL (ty, 1) AL (tg, 1)

D° =

Suppose that det D° # 0. Let

1 2
C = (Hei)rge(1,2y = and L= (D°)"'C.
-1 1
Define the signed measures zg, 21,22 by 29 = 0 and z, = Z?Zl Lijk(02; — 0a,) for

ke {1,2}.° Set B, :== u(ty, 21) for every k € K.

Choose a lottery \° € A(X) that assigns strictly positive probability to xg, z1, 2.
For sufficiently small € > 0, define A} := \° + €2}, and )\ := \° — €2, which belong
to A(X) for every k € K. For r € T, set a, == u(t,, \°).

Consider the two-agent environment in which both agents have the set of types
{to,t1,t2}, types are independently and uniformly distributed, and alternative k as-
signs A\ to agent 1 and ); to agent 2. Identify each r € J with ¢,, and write &, for

this environment.

Lemma 5.2. There is a bijection between direct mechanisms in &g and &y that

preserves allocation rules, BIC, DIC, and payoff equivalence. Moreover, A} + \; =

5Here, J, assigns probability one to x. Each z; has total mass zero.
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2)° as finite measures on X for every k € K.

Proof of Lemma 5.2. For r k € {1,2}, by the definitions of D°, L, and z,

2
u(tr, Zk) — u(to, Zk) = Z ijAio’xo (tr, SL’j) = (DOL)Tk = Crlc = Hrk-

j=1
When r = 0, both u(t,, zx) — u(to, zx) and H, equal zero. When k = 0, zy = 0, so
Bo =0 and H,o = 0. Hence,

u(ty, zx) = Bp + Hy, forevery r € 7 and k € K. (11)

By construction, A\ + A, = 2\° as finite measures on X. Linearity of expected

utility and (11) imply
u(t,, \f) = a, + By + eHpp and u(ty, Ay ) = a, — By — eHpp. (12)

Fix a direct mechanism (g, p) in . Define payments in &, by

(7 8) =epi(P8) +e > Bk,  and  Po(F 8) ==epa(F8) — > Bugls.
keX keX

For each fixed allocation rule, (13) is invertible and, therefore, defines a bijection
between mechanisms.

For true types t,,ts and reports (7, §), equations (12) and (13) yield

ST gt M) — pi(7,8) = a, + € (Z qrHer, — pi (7, §)) and

keX keX (14)
Z q’r‘s tS’ )\ (,f'? §) Z q'r’s Sk p2 f ‘§) .
keX keX

The terms a, and a; depend only on the true types, and € > 0. Thus, every pointwise

reporting inequality in g is equivalent to the corresponding inequality in &y. The
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bijection preserves DIC. Taking expectations over the opponent’s type in (14) shows
that it also preserves BIC.

If U; and U; denote truthful interim utilities in 8y and &,, respectively, then

Ui(t,) = a, + Uy (r) and Us(ts) = as + eUs(s). (15)
When the agents’ true types are t, and t5 and both report truthfully, (12) also yields

STk (ulte, N +ults, A\p)) = ar+as+e > qF(Hp — Hg).
keX kEX

Writing W(q) for expected gross social surplus in &, averaging over the independent

uniform types yields

~ 2
Wig) =3 > ar+eW(g). (16)
red
(15) and (16) imply that the bijection preserves payoff equivalence. [ |

Corollary 5.3. Suppose that three types and three prizes generate a utility triangle
with nonzero determinant. There is a two-agent environment with those three types
as the common type set and three lottery-valued alternatives. Under independent
uniform priors, this environment has a deterministic BIC' mechanism with no payoff-
equivalent DIC mechanism, even when DIC allocation rules are allowed to randomize.

The lotteries can be chosen so that A} + \;, = 2)\° as finite measures on X for every

keXK.

Proof of Corollary 5.5. Apply Lemma 5.2 to the deterministic BIC mechanism in
Lemma 5.1. The corresponding mechanism in &, is BIC and retains the same deter-
ministic allocation rule. If this mechanism admitted a payoff-equivalent DIC mech-
anism, Lemma 5.2 would imply that the deterministic BIC mechanism in &g also

admitted a payoff-equivalent DIC mechanism, contradicting Lemma 5.1. [ |
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5.3 Restoring the full type space

By Corollary 5.3, there is a two-agent environment with the three selected types as
the common type set and three lottery-valued alternatives. Under independent uni-
form priors, this environment admits a deterministic BIC mechanism with no payoft-
equivalent DIC mechanism. This is almost, but not quite, enough for Theorem 3.2:
I define universal robustifiability using the original type set T" and independent full-
support priors. In the next and final lemma, I close precisely this gap. There, I show
that any obstruction on a core set of types can be extended to the full type space
while assigning positive probability to every type.

Consider a two-agent environment with set of types T, fixed finite alternatives,
and fixed lotteries \;(a) for each agent and alternative. For each agent i € {1,2}, let
T? C T be a nonempty core set of types, and let 7°, denote the other agent’s core
set of types. The core environment is the restriction of the environment to 17 x 17,
under independent uniform priors over the two core sets. I call the reports r; € 17

agent ¢’s core reports.

Lemma 5.4. Suppose that the core environment admits a BIC mechanism M° with
no payoff-equivalent DIC' mechanism. Then, under some independent full-support
prior on T2, the full environment admits a BIC mechanism with no payoff-equivalent

DIC mechanism.

Proof of Lemma 5.4. Write M° = (¢°,p°). For i € {1,2},t; € T, and r; € T?, let

1 O

Vi(ts,ri) = T Z Z g~ (i, r_i)ults, Ai(a)) — pi(ri, i) | -
| —i| r_€T°, \a€A

Choose a map ¢;: T — T; such that ¢;(t;) € argmax,,cro Vi(ti, ;) for every t; € T.

For each r; € T?, choose ¢;(r;) = r;, which is possible because M° is BIC in the core

environment.

For a probability distribution p on T, write (¢;)gp(r) = > ter p(t) for the

oi(t)=r
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distribution on 77 induced by ¢;.

Let m; == |T?]. ¥ T\ T = 0, let 7; be uniform on T2 = T. If T'\ T? # (), choose
positive weights w;(?), indexed by t € T'\ T, such that Y yep o wi(t) = 1. For every
sufficiently small n > 0, set 7} (t) := nw;(¢t) for t € T\ T and

for r € T?. For sufficiently small 7, 7'(r) > 0 for every r € T7. In either case, 7, has

full support and satisfies

(éi)gm) = Unif(T7), (17)

and 7 (T'\ TY) — 0 as n | 0. Write 7" := 7{ ® 7 for the associated product prior.

Define a mechanism M" = (¢",p") in the full environment by

g (t1, t2) = q7" (1 (1), P2(ta)) and pi(ti, ta) = pj (¢1(tr), Pa(ta))-

By (17), the distribution of the opponent’s induced core report is uniform. Truthfully
reporting t; induces the core report ¢;(t;), which maximizes V;(¢;, ). Every deviation
in the full report space induces another core report. Hence, M" is BIC under 7.

Suppose for the sake of contradiction that every sufficiently small n > 0 admits
a payoff-equivalent DIC mechanism (§7,p"). Fix baseline core reports r? € T¢, and
normalize the payments by setting p; (t;,t_;) == pi (t;, t_;) — pi(r?, ;). Subtracting a
term that depends only on the other agent’s report preserves DIC.

Because the sets of types and alternatives are finite, choose B < 400 such that
|u(t;, Ai(a))| < B for every i, t;, and a. The DIC inequality for true type t; against re-
port r¥ gives p} (t;,t_;) < 2B, while the DIC inequality for true type r against report
t; gives P (t;,t_;) > —2B. Thus, all normalized payments are uniformly bounded.

T2

Choose a sequence 7, J. 0. The allocation rules lie in the compact set A(A)" ", and

the normalized payment vectors are uniformly bounded in a finite-dimensional space.
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Hence, after passing to a subsequence, §¢" — ¢° and p™ — p® for some (¢°,p°). Since
DIC is defined by finitely many weak inequalities, (¢°, p") is DIC and so its restriction
to the core report profiles is DIC.

Let U (r;) be the interim utility of core type r; under (§7,7") and prior 7.
Because the types are independent, payment normalization shifts all of agent s
interim utilities by the same constant. Since M" restricts to M° on core reports and
(17) makes the induced opponent report uniform, payoff equivalence consequently
yields

.

U, (r;) — Un(ro) = UiMO (ri) — UZMO (TQ), for every r; € T (18)

7 K3 2 3

By the definition of 7™, the opponent’s prior converges to the uniform distribution
on T°,. Let ﬁ;(n) denote interim utility under the restriction of (¢°,7°) to the core
type profiles and the uniform prior on 7°,. Because the sums defining interim utility
are finite, the convergence of ¢, p, and 7 delivers U (r;) — U, (r;) for every
r; € T?. Taking limits in (18) delivers U, (r;) — Uy (%) = UM°(r;) — UM (r9). Set
Ki = U?(r?) — UM (1)), and set p{(rs,7_;) = PY(rs,7—;) + ;. Adding r; to every
payment preserves DIC and reduces every interim utility by x;. For every r; € T?,
U?(Ti) — K= U?(ri) - U?(r?) + UM (1)) = UM’ (r;). Thus, the restriction of (¢°,p°)
to the core type profiles gives every core type the same interim utility as M°.

It remains to compare social surplus. Since the relevant sums are finite, §” — ¢°
and 77 — Unif(77) ® Unif(Ty) imply W™ (¢ ) — WUniE(ID)@Unif(T5)(40) " [ikewise,
because ¢ agrees with ¢° on the core and the probability of every profile involving an
extra type tends to zero, W™ (¢") — WUnIT)@Unif(T3) (4°) - By payoff equivalence,
W™ (gm) = W™ (¢"™) for every n and so the two limits are equal. Consequently,

after adding the constants ; to the payments, the restriction of (¢°, p°) to the core

is DIC and payoff-equivalent to M°, contradicting the hypothesis. [
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6 Proof of Theorem 3.2

Proof of Theorem 5.2. The equivalence among the rank condition, the factorization
in (1), and the vanishing of every utility triangle follows from Lemma 3.1.

If r(u) < 1, Proposition 4.1 implies that the domain is universally robustifiable.
Suppose instead that r(u) > 2. By Lemma 3.1, there are types tg, t1,ty € T and prizes
Zo, %1, s € X whose utility triangle has nonzero determinant. By Corollary 5.3, the
restriction to those three types admits a two-agent, three-alternative BIC mechanism
with no payoff-equivalent DIC mechanism. Its allocation rule is deterministic, and,
for every alternative k, the two agents’ lotteries satisfy A} 4+ A\, = 2\°.

Let the full environment have type set T" and the same three alternatives, with
alternative k giving the two agents A\ and A, . For each agent i € {1,2}, let 7Y =
{to,t1,t2}. Applying Lemma 5.4 produces an independent full-support prior over the
original set of types T" and a BIC extension with no payoff-equivalent DIC mechanism,
which uses the same three alternatives and retains the deterministic allocation rule

and the balancing identities. Thus, the domain is not universally robustifiable. W

7 Relation to the literature

The modern BIC-DIC equivalence result begins with ( ) and
is developed for general social-choice environments by ( ).% T prove
the inverse theorem. I begin with an arbitrary finite utility domain, impose no order
or parameterization on its types, and ask when equivalence survives every finite social-
choice environment and every independent full-support prior. Theorem 3.2 delivers

an exact answer: universal robustifiability holds if and only if incentive rank is at most

5The robustness appeal of dominant strategies is emphasized by ( ).
Earlier, ( ) asks when a BIC allocation rule itself can be imple-
mented in dominant strategies by changing transfers. Subsequent work studies correlated types,
nonlinear utilities, or pursues geometric approaches; see ( ), ( ),

(2023), (2020), and (2021). (2019)

equates stochastic and deterministic mechanisms.
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one. In this precise finite-domain sense, my result completes the positive equivalence
program. The scalar-linear structure behind ( )’s theorem is not
merely sufficient or convenient; universal equivalence forces it.

The necessity direction of my result is in some sense canonical: any second inde-
pendent pattern in how types value prize changes contains a three-type, three-prize
obstruction. I turn that local failure of rank one into a two-agent environment with
three lottery-valued alternatives and an independent full-support prior in which a de-
terministic BIC mechanism cannot be matched by any payoff-equivalent DIC mech-
anism, even when DIC allocation rules are allowed to randomize. Moreover, every
alternative can preserve the same aggregate lottery across the two agents.”

The closest antecedent to my paper is ( ). They begin
with ordered one-dimensional types and regular nonlinear valuations, characterize
increasing differences over distributions by the one-factor representation v;(a,z;) =
fila)M;(z;) +m;(z;) + gi(a), and obtain exact BIC-DIC equivalence when f = (f;); is
convex-valued and g = (g;); is a linear transformation of f.% Also relevant is

( ), whose monotonic-differences specialization has a one-factor form.
( ) tie convex choice to directional single-crossing differences and
show that, under regularity, directional single-crossing differences over lotteries leave

® Those papers answer

only an effectively one-dimensional or affine representation.
questions about the geometry of choice and comparative statics. The same one-factor

form acquires an exact maximal implementation meaning here: it delineates precisely

7 ( ) exhibit failures outside their benchmark assumptions.
( ) study multi-object trading, where fixed supplies create additional feasibility restrictions;
and ( ) establish a sharp anti-equivalence result when the DIC replacement must

be deterministic.

8They do not establish that the (universal) one-factor structure is necessary for BIC-DIC equiv-
alence. My theorem answers a more basic inverse question. Once the utility domain is fixed but the
social-choice environment may vary, what does universal equivalence itself reveal about preferences?
A scalar incentive index.

9Related results on aggregation include ( ) and ( ).
( ) studies when local incentive constraints suffice for global incentive compatibility.
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the boundary of universal BIC-DIC equivalence.
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